The problem of a penny-shaped crack subjected to symmetric uniform heat flux in an infinite transversely isotropic magneto-electro-thermo-elastic medium is investigated. The exact solution in the full space is in terms of line integrals and the exact solution in the crack plane also is obtained. Although we start our derivations with magneto-electro-thermo-elastic, the solution presented in this paper is also applicable for linear transversely isotropic thermopiezoelectric, thermomagnetoelastic,thermoelastic materials (see Appendix E). The solution in the crack plane, which shows a great agreement with the solution for a transversely isotropic medium obtained by Tsai (1983) , indicates that r x ; r y ; D x ; D y ; B x , and B y along the crack rim are of the same singularity of the normal stress or its equivalent quantities. To illustrate how the applied symmetric heat fluxes affect the whole fields, a numerical example is also given.
Introduction
It is widely acknowledged that cracks are commonly included in materials so that the material behaviors may be waken. As referred to the three-dimensional crack problems, it should be mentioned that Fabrikant (1989 Fabrikant ( , 1991 has obtained significant results for transversely isotropic elastic body by elementary mathematical tool called ''Potential Theory Method'' invented by himself. The tag ''elementary'' means no more advanced methods such as integral transforms are involved in the method and only techniques in elementary calculus, such as integration by parts, interchange of the integration order, are integrated into the method. Threedimensional crack analysis of piezoelectric medium can be referred to Wang (1992) , Sosa and Pak (1990) , Shioya (1999, 2000) , Chen et al. (2001) and Huang (1997) . In particular, by extending the results obtained by Fabrikant (1989 Fabrikant ( , 1991 successfully, Shioya (1999, 2000) , Chen et al. (2001 and Chen and Lim (2005) obtained the complete solution to a pennyshaped crack subjected to symmetric point force loading, uniform symmetric normal loading, uniform anti-symmetric normal loading, and uniform anti-symmetric shear loading in a transversely isotropic piezoelectric medium, respectively.
Although the potential theory method developed by Fabrikant (1989 Fabrikant ( , 1991 is powerful, the thermoelasticity is not involved in Fabrikant's analysis. discussed the three-dimensional crack problem in thermoelastic body and dealt with the same problem in magneto-electro-thermo-elastic body.
But one thing should be pointed out is that the thermal boundary conditions over the crack in are symmetric temperature loads. From the solution process of , one can identify the fact that this kind of boundary conditions brings mathematical convenience in solving the governing integro-differential and integral equations so that the results developed for transversely isotropic elasticity by Fabrikant (1989 Fabrikant ( , 1991 will be directly applied. What if the thermal boundary conditions turn out to symmetric heat flux applied over the crack surfaces? Things for this case seem troublesome (see the solution process of Eq. (3.17)). Nevertheless, we still write the solution to Eq. (3.17) in the form of line integrals.
In this article, by employing the general solution for METE materials obtained by and the potential theory method developed by Fabrikant (1989 Fabrikant ( , 1991 , a penny-shaped crack embedded in an infinite METE medium and subjected to uniform symmetric heat flux is analyzed. The exact solution in the full space is represent by line integrals and the solution in the crack plane is represented by elementary functions or Hypergeometric in transversely isotropic medium obtained by Tsai (1983) . Both the solutions in the full space and in the crack plane are all applicable for linear transversely isotropic thermopiezoelectric, thermomagnetoelastic,thermoelastic materials (see Appendix E). An illustrative numerical example is also presented.
General solution of transversely isotropic METE body represented by potential functions
The constitutive relations of a transversely isotropic magnetoelectro-elastic body with thermal effect can be found in Li and Dunn (1998) and Li (2000) . In Cartesian coordinate with the plane x-y parallel to the plane of isotropy, they are r 
where k ii are coefficients of heat conduction;
@y 2 is the two-dimensional Laplacian operator.
In the paper of , 2 displacement functions are introduced. Then by the application of operator theory in conjunction with the generalized Almansi's theorem, the general solution in terms of 6 harmonic functions is obtained. Note that in contrast with Podil'chuk and Sokolovskii (1994) , Ashida et al. (1994) and Ding et al. (2000) , the solution is represented by harmonic functions, which make the potential theory methods can be conveniently utilized. In what follows, we only list the associated results. The details of the derivation and the associated constant coefficients in the solution should be referred to .
ð2:3Þ
where w 1 ¼ w; w 2 ¼ /; w 3 ¼ w. Substituting Eq. (2.3) into Eq. (2.1) with the introduction of the following complex quantities
we have:
ð2:6Þ
where W i are harmonic functions defined as:
Formulation of the mixed boundary value problem
Consider an infinite METE body containing a flat crack. The crack, depicted as Fig. 3 .1, is located in the plane z ¼ 0 which is parallelled with the isotropic plane. The cylindrical coordinate system and the Cartesian coordinate are alternatively adopted with their common origin at the center of the crack. It is assumed that arbitrary normal distributed mechanical force PðN 0 Þ electric displacement DðN 0 Þ magnetic induction JðN 0 Þ and heat flux qðN 0 Þ are symmetrically applied over the upper and lower crack faces. Using the symmetric conditions, the problem can be transformed to a mixed boundary-value problem of a half space. In what follows we shall develop the governing equations for this mixed boundary value problem.
The mixed boundary conditions
Normal: Inside the circular region S:
where
Outside the circular region S:
Tangential:
Governing integral
Analogous to the method first employed by in solving the mixed boundary value problem, in order to satisfy the boundary conditions, we postulate the proper mathematical forms of the 6 harmonic functions W i . In the end of this section, we will find that the forms of W i are identically the same as the form obtained by .
1. In order to satisfy the tangential boundary conditions Eq. (3.3), i.e. zero stress in the tangential direction, we assume that 
For the sake of zero tangential shear stress on the plane C, we have If the crack is penny-shaped, the first glance at the present governing equation Eq. (3.17) or Eq. (3.19), it seems impossible to obtain an explicit solution when all loads including heat flux applied on the crack surface are uniform. This is mainly because the integration of the term R R S q RðN 0 ;NÞ dSðNÞ in Eq. (3.19) turns out to be an elliptical integral of the second kind (see Appendix C), which will make the solution process of Eq. (3.19) much more complicated. Nevertheless, the general normal displacement w j ðq; /; 0Þ, the general normal stress r zk ðr; w; 0Þ in the crack plane and intensity factor can be all expressed in elementary function in this case.
The line-integral solution in the full space
When the crack is under uniform magnetic, electric and mechanical loads, the exact closed form solution in the full space can obtained from the results . Consequently, hereafter we only concern the case that the penny-shaped is subjected to uniform heat flux. The overall solution can readily be obtained by superposition of the results obtained by (Fabrikant, 1989) 
HðxÞ arcsin x l 2i ðxÞ dx ðj ¼ 1; 2; 3Þ ð 4:3Þ
With reference to Appendix D, we also have
Substituting the line integral representations of the potential functions H j ðr; w; z i Þ and their derivatives (see Appendix D) into Eqs. (2.3), (2.5) and (2.6), we will obtain the solution in full space to the problem of a penny-shaped crack subjected to uniform symmetrical heat flux over the crack surfaces
ð4:6Þ ð4:9Þ where l 1i ðxÞ; l 1i ; l 2i ðxÞ; l 2i are defined as:
ð4:14Þ
Solution in the crack plane
The integral in Eq. (4.2) is also evaluated in Appendix C. Substituting of Eq. (4.1) into Eq. (4.2) with the notice of correspondent integral representation Eq. (C.10) and the notice of Eq. (C.17), we obtain 
ðr; w; 0Þ and
ðr; w; 0Þ are independent of i.
Thus, we do not distinguish them and denote them by 
For k ¼ 4, likewise we obtain rz4ðr;w;0Þ ¼
ð4:22Þ
Similar with the derivations of r zk ðr; w; 0Þ, we have 
Verification of the obtained solution
For the same crack problem in an infinite transversely isotropic elastic medium, similar with Eqs. (4.15), (4.19), and (4.21), we have Tsai (1983) , respectively. What we need to do next is to verify the coefficients in Eqs. (4.27)-(4.29).
Before we proceed to compare the coefficients in Eqs. (4.27)-(4.29) with Tsai (1983) , we need to clarify several misprints in his paper.
Regarding to Tsai (1983) , the notation k in Eq. (5) of should be 
Note that the applied heat flux, q 0 in our notations should be negative. In another word, Q 0 in Tsai's notations should be positive. Otherwise, the crack surface would expand and hence the crack would close.
Values of the coefficients in our notations corresponding to above set of material constants are as follows Comparing Eq. (39) in Tsai's paper and the third equation in Eq. (2.6) in this paper, the reader should note that our notation q 0 is Àk 33 times of Tsai's notation Q 0 . The stress intensify factor k r in our notations is ffiffiffi 2 p times of K I in Tsai's notations. Taking misprints in Tsai (1983) and the above correspondence between Tsai's notations and ours' into consideration, the values of the coefficients in Eqs. (4.27)-(4.29) are identically the same as Tsai (1983) .
Numerical example
In order to show how the applied heat flux affect the field, an illustrative numerical example of the piezoelectric ceramic PZT-B is given. The material constants of piezoelectric ceramic PZT-B can be found in Zikung and Bailin (1995) 
ðk ¼ 1; 2; 3Þ ð 4:26Þ Tzou and Ye (1994) . All of the material constants are listed as Table 1 .
In Appendix E, we point out that solution in thermopiezoelectric media can be easily obtained from that in the magnetoelectro-thermo-elastic media. Hence, based on the solution Eqs. (E.8)-(E.13), numerical computation can be easily implemented. The coefficients defined as Eqs. (E.1)-(E.7) which are related with the material constants are presented as follows without listing their units: respectively. Note that the applied heat flux q 0 should be negative. Otherwise the crack surface will expand, which in turn will make the crack closed. Since q 0 < 0; g 13 < 0; g 23 > 0, it can be easily seen that for the case of a penny-shaped crack subjected to symmetric heat flux at surface the intensity factor for electric displacement k D could be negative which indicates a negative electric displacements over the crack surface.
We take the radius of the penny-shaped crack a ¼ 0:05 m, the applied uniform symmetric heat flux q 0 ¼ À15 Wm À2 . The distributions of U r ; w k r zk ; T,s zk (k ¼ 1; 2) defined as Eqs. (5.1) and (E.14)
are depicted as Figs. 5.1, 5.2, 5.3, 5.4, 5.5, 5.6, 5.7, 5.8. To avoid numerical singularity, from time to time, we intentionally set z or r as a small number that approximates 0.
From Figs. 5.1 and 5.8, one can identify that U and s zk are nonsingular at r ¼ 0 although their expressions Eq. (4.5), (4.10) seem singular at r ¼ 0. This is also compatible with the remark in Appendix D.2.
Conclusion
1. This paper can be treated as a logical continuation of . The mathematical difficulty, which is also pointed in Conclusion of , in solving the governing integrals due to the boundary conditions of symmetric heat flux is resolved. We employ the general solution obtained by and the potential theory method proposed by Fabrikant (1989 Fabrikant ( , 1991 to solve the steady-state problem of a penny-shaped crack subjected to symmetric uniform heat flux in an infinite transversely isotropic METE medium. The solution is in terms of combinations between elementary functions and their line integrals, which shows a great agreement with that obtained by Tsai (1983) for a transversely isotropic medium. 2. It becomes clear that the uniform symmetric heat flux, although it is the simplest kind of thermal loadings, when it is applied to the penny-shaped crack, full-space solution could not be represented by elementary functions. This is because even in the crack plane z ¼ 0 the several physical quantities in the solution are still in terms of special functions (see 4.3). This fact also indicates the challenge of Green's function corresponding to the case of application of symmetric point heat flux to a penny-shaped crack. The derivations to find the Green's function of a penny-shaped crack under symmetric point heat flux need to be investigated further more. 3. The stress intensity factor k r is always positive otherwise the crack will is close. However, since the electric field and magnetic field are mathematically equivalent, it can be easily seen from the numerical example in 5 that for the case of a pennyshaped crack subjected to symmetric heat flux at surface the intensity factors for electric displacement k D or for magnetic induction k B could possibly be negative which indicates a negative electric displacements or magnetic induction over the crack surface.
4. For materials with thermal effects, r z ; D z ; B z will encounter singularity of 1 ffiffiffiffiffi ffi rÀa p along the crack rim Shioya, 1999, 2004,) . But in this paper, for a penny-shaped crack subjected to symmetric uniform heat flux over its upper and lower surfaces, except that s z1 is constantly 0 in the crack plane, stress or equivalent quantities including r x ; r y ; s xy s z2 (corresponding to the tangential electric displacement) or s z3 (corresponding to the magnetic induction) are also encounter singularity of 1 ffiffiffiffiffi ffi rÀa p along the crack rim. 5. As a bonus, the investigation to the crack problem also generates several integral identities and line-integral representation of potential functions (see Appendixes C and D) that seems not to be reported in previous literature, which, the author think, is of some interest to mathematical physicist. 6. It is should be emphasized that we present solution to the steady-state problem of a penny-shaped crack subjected to symmetric uniform heat flux in a united form for all kinds of linear materials, including mageto-electro-thermo-elastic, thermopiezoelectric, magneto-thermo-elastic, and thermoelastic materials. (see Appendix E). 7. The exact solution presented in this paper is only applicable for distinct eigen roots s 1 -s 2 -s 3 -s 4 -s 5 -s 1 . For cases of multiple eigen roots, the reader could used generalized Almansi's theorems (see Appendix of Ding et al. (1997) ; Appendix of Chen and Shioya (1999) ) to represent the general solution. The derivations of the exact solution for cases of multiple eigen roots are indeed similar with the derivations in this paper. 8. For the isotropic caseðs 1 ¼ s 2 ¼ s 3 ¼ s 4 ¼ s 5 ! 1Þ, the mathematical structure of the solution could be completely different from that of a transversely isotropic case (see Section 4.5 of Fabrikant (1989) ). But in order to obtain the isotropic solution, Fabrikant applied the well-known L'hospital Rule to transversely isotropic solution, (see 5.1 of Fabrikant (1991) and Appendix of Fabrikant (2006) Ding et al. (1997) ; Appendix of Chen and Shioya (1999) ) could be applied to obtain the isotropic solution from the transversely isotropic solution that's in term of our cumbersome notation system. The detailed derivations will be reported in our subsequent paper. 9. The solution to the problem of a penny-shaped crack subjected to uniform symmetric mechanical, electric or magnetic loadings has been investigated by . The solution presented in this paper could be superposed into the previous results to help the reader to investigate a penny-shaped crack subjected to uniform symmetric mechanical, electric or magnetic loadings combined with uniform symmetric heat flux.
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B.1. Integrals
Let us recall the following integrals listed in Appendix A4.2 of Fabrikant (1989) : (Fabrikant, 1989) . Using the same integral techniques, we hereby state a new integral as follows: Note that for an axisymetric quantity f, we have
here the overbar is used to distinguish the coordinate x from the integral variable x. where The L operator first used by Fabrikant (1989) is defined as LðkÞf ð/ 0 Þ ¼ 1 2p
Evidently, it should be notice that when f ð/Þ ¼ 1, the following identity holds:
LðkÞ1 ¼ 1 2p
Note that Eq. (C.5) holds and then change the integration order with respect to xand q in Eq. (C.3) with the following rule:
Eq. (C.3) can be rewritten as:
Note that Eq. (C.1) can also be represented as the Jacobi complete elliptic integral of the second kind. Puttting x ¼ q 0 sin h in Eq. (C.1), I 0 ðq 0 Þ can be immediately rewritten as
where EðkÞ denotes the Jacobi complete elliptic integral of the second kind written as follows:
where other notations have the same meaning with those in Eq. 
